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Abstract. In this paper two identities involving a function defined by the complete 
elliptic integrals of the first and second kinds are proved. Some functional inequalities 
and elementary estimates for this function are also derived from the properties of mono- 
tonicity and convexity of this function. As applications, some functional inequalities and 
£N| . the growth of the exterior modulus of a rectangle are studied. 
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1. Introduction 

1.1. Exterior modulus of a quadrilateral. For h > consider the closed rectangle D 
with vertices 1 + ih, ih, 0, 1 in the upper half plane H 2 = {x + iy : y > 0} and a harmonic 
function u : C\D — > R satisfying the Dirichlet-Neumann boundary value problem u(z) = 

^ ; for z G [0, 1], u(z) = 1 for z G [ih, 1 + ih], = for zG [1,1 + ih] U [0, ih] where n is 

the direction of the exterior normal to dD. The number 

M(l +ih,ih,0, 1) = / \Vu\ 2 dm 

<n : Md 

is called the exterior modulus of the rectangle D{1 + ih, ih, 0, 1). 

This quantity also has an interpretation as the modulus of the family of all curves, 
joining the segments [1 + ih,ih] and [0, 1] in the complement of the rectangle D, which 
also is equal to M. (1 + ih, ih, 0, 1) (cf. [X]). In the same way, for a general quadrilateral 
D(a, b, 0, 1) with vertices a, b G H 2 and base [0,1], we can define the exterior modulus 
M(a,b, 0,1). 

As far as we know there is no analytic formula for Ai(a,b,0, 1). Numerical methods 
for the computation of A4(a,b, 0, 1) were recently studied by H. Hakula, A. Rasila, and 
M. Vuorinen in [HRV2] which motivates the present study. They used numerical methods 
such as hpFEM and the Schwarz-Christoffel mapping. Similar problems for the interior 
modulus have been studied in [H RVlj . 

Here we study the above problem for the case of a rectangle. In this case an explicit 
formula involving complete elliptic integrals was given by P. Duren and J. Pfaltzgraff [DPJ 
and our goal is to analytically study the dependence of the formula on h. 

1.2. Complete elliptic integrals. Let /C(r) and £(r) stand for the complete elliptic 
integrals of the first and second kind, respectively (see (12.11) ). Let r' = yl — r 2 for 
r G (0, 1). We often denote /C'(r) = /C(r'), £'{r) = £{r'). Define the function if) as 
follows 

(, 3) ^)= 2(g( ;^ (1 ^n (r)) - 

t'[r) — r/C'(r) 
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The function if) : (0,1) — > (0, oo) is a homeomorphism, see Theorem 13.11 or [DPJ. In 
particular, if' 1 : (0, oo) — > (0, 1) is well-defined. 

1.4. Duren-Pfaltzgraff formula for a rectangle. In |DPj . P. Duren and J. Pfaltzgraff 
studied the modulus M(T) of the family of curves T joining the opposite sides of length b 
of the rectangle with sides a and b, in the exterior of the rectangle, and gave the formula 



[DPI Theorem 5] 

(1.5) M(T) = ££\, where r = if)~\a/b). 

The exterior modulus M.(T) is a conformal invariant of a quadrilateral with respect to 
mappings of the exterior that preserve infinity. In |ADVj . the authors gave a sharp 
comparison between the function ip and Robin modulus of a given rectangle. Their result 
can be rewritten as the following inequality 

nr 16r 

1-6 T, ^<V>r <— - 2 , re 0,1. 

(1 — r) z 7r(l — r) z 

In this paper two identities involving the function if) are proved, and some functional 
inequalities and elementary estimates for the function if) are also derived from the mono- 
tonicity and convexity of the combinations of the function if) and some elementary func- 
tions. As applications, we will study the growth of the exterior modulus with respect to 
the length of one side of the rectangle. The main results are listed as follows. 

Theorem 1.7. For r G (0, 1), the function if) satisfies the identities 




1 — r\ , ( 1 — r' 



WWWWz) )=i, ^i TT - r )^[ TT? )= 1 - 

Theorem 1.8. The function f(r) = (1 — ^) 2 if(r)/r is strictly decreasing from (0,1) 
onto (4/7T, 7r). In particular, for all r e (0, 1) 

4r 7rr 

7T(1 - V^) 2 < < (1- A) 2 ' 

Theorem 1.9. The function f(x) = if) (1 / ch(x)) is decreasing and convex from (0, oo) 
onto (0, oo). In particular, for r,s 6 (0, 1), 

(\/2rs \ 
7= == <^(r) + ^(s) 
V 1 + rs + r's' I 

with equality in the first inequality if and only if r = s. 

Theorem 1.11. For x,y G (0,1), 

iP(H p (x,y))<H p (if)(x),iP(y)) if p > 0, 

and 

iP(H p (x,y))>H p (if)(x),il)(y)) if p < -1. 
T/ie equality holds in each case if and only if x = y. Here H p is the power mean defined 

x p + y p \ 1/p 



(IS 



f x p + y p Y /p , n 



xy, p = 0. 
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2. Preliminaries 

For < r < 1, the functions 

pit/2 J f rir/2 

(2.1) K(t)= I £{r)= I Vl-r 2 sin 2 tdt 

Jo v 1 — r 2 sin 2 1 Jo 

with limiting values /C(0) = 7r/2 = £(0), /C(l— ) = oo and S(l) = 1 are known as 
Legendre's complete elliptic integrals of the first and second kind, respectively. These two 
functions are connected by Legendre's relation [BFj. 110.10] 

(2.2) £/C' + £7C-/C/C' = |. 

Some derivative formulas involving these elliptic integrals are as follows \Bo\ p. 21]: 

dK £-r' 2 lC d£ E-K 



(2.3) 



dr rr' 2 dr r 

±(£-r' 2 )C)=rJC, ±{K-6) = %. 



dr dr r r 

The functions K and £ satisfy the following identities due to Landen [BF| 163.01, 
164.02] 

(2.4) /c(^) =(l + r)/C(r), 

(2.5) = ±(l + r)/C(r), 



(2.6) £ 



l + rj 2 
2^ \ 2£{r) - r /2 /C(r) 



1 + r ) 1 + r 

l-r\ £'(r)+rK,'(r) 



(2-7) £ , , 

1 1 + r J 1 + r 

Using Landen's transformation formulas, we have the following identities. 
Lemma 2.8. For r E (0, 1), let t = (1 — r)/(l + r), then 

(2.9) /C(t 2 ) = ^^/C'(r 2 ), 

(2.10) /C'(t 2 ) = (l + r) 2 /C(r 2 ), 

(2.11) .(t 2 ) = ^ 2 )H r^ 2 + r W ^ 



(2.12) £\V 



'1 + r 



|2 



Proof. By Landen's transformations (12.41) and (12. 5p . we have 



(1 + r) 2 v y VI + ^ 2 / 2 

This implies ( 12. 9p . 
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For flZZEQp , 

c '< (2 > = T^? K (it?) = d + 

where the first equality is Landen's transformation (I2.5P with the parameter t 2 and the 
second equality follows from (12. 4p with the parameter r 2 . 

Using Landen's transformation ( 12. 6 p with the change of parameter r i— )■ t 2 and the 
formula ( 12. 9p . we get 

c /l-r 2 \ (l + r) 2 g(t 2 )-r(l+r 2 )/C(r 2 ) 

^1+^" 1 + r 2 

On the other hand, by (12.71) 

c fl-rV fV)+rW) 
1 j ^^i + r2y )- i + r 2 

Hence f[27TT]) follows from ( 12TT3|) and ( l2TT4j) . 

For (I2.12p . by the change of parameter r i— )■ t 2 in Landen's transformation (12. 7p and 
the formula (I2.10p . we have 

/ 2r \ _ (l + r) 2 g'(t 2 )+r(l-r 2 ) 2 /C(r 2 ) 
^^i + r2y )- 2(1 + r 2 ) 

On the other hand, by (12.61) 

(9m , ,( 2r \ _ 2g(r 2 )-(l-r 4 )/C(r 2 ) 

b \i + r 2)~ 1 + r 2 

Hence (1212]) follows from (12~T5|) and frXTB]) . □ 

The next lemma is a monotone form of l'Hopital's rule and will be useful in deriving 
monotonicity properties and obtaining inequalities |AVV14 Theorem 1.25]. 

Lemma 2.17 (Monotone form of l'Hopital's Rule). Let — oo < a < b < oo, and let 

f,g : [a, b] — >■ M be continuous on [a, b], differentiable on (a,b). Let g\x) ^ on (a,b). 
Then, if f'(x) / g\x) is increasing (decreasing) on (a,b), so are 

fix) - /(a) md fix) ~ f(b) 
g(x) -g(a) " g(x) - g(b) ' 

If f > (x)/g'(x) is strictly monotone, then the monotonicity on the conclusion is also strict. 

The following Lemma 12. 181 is from [AWl} Theorem 3.21 (1),(7)]. 

Lemma 2.18. (1) r~ 2 (£—r' 2 IC) is strictly increasing and convex from (0, 1) onto (vr/4, 1). 
(2) For each c G [1/2, oo), r' c /C is decreasing from [0,1) onto (0,7r/2]. 

Lemma 2.19. (1) fi(r) = £ — (1 — r)/C is strictly increasing and concave from (0,1) 
onto (0, 1). 

(2) f2{r) = {£ — {! — r)K,)/r is strictly decreasing from (0, 1) onto (l,7r/2). 

(3) fz{r) = £' — r/C' is strictly decreasing and convex from (0, 1) onto (0, 1). 

(4) f\{r) = {£' — r/C')/(l — r) is strictly decreasing from (0, 1) onto (0, 1). 

(5) fs(r) = (£ — r'JC)/ (1 — \fr~') 2 is strictly decreasing from (0, 1) onto (1, 7r/2). 

(6) fe(r) = (3 — r)£' — (1 + r)/C' is increasing form (0,1) onto {— oo,0). 

(7) /V(r) = (1 + r)(£' — r/C')/(l — r) is strictly deceasing from (0, 1) onto (0, 1). 

(8) /s(?") — (£ — (1 — r )^)/(v^*(l — r )^) strictly increasing from (0, 1) onto (0, oo). 
/ 8 (0.479047---) = 1. 
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Proof. (1) By differentiation and the derivative formulas ( 12. 3p . 

f[( r ) = J— 

which is positive and decreasing. Then the properties of monotonicity and concavity of fi 
follow. The limiting value /i(0) = is clear and /i(l— ) = £(1) — lim (r /2 /C/(l + r)) = 1 

by Lemma EM 2 )- 

(2) Since fi is concave and f^ij) = fi( r )/ r , fi is decreasing by the monotone form of 
l'Hopital's rule. By l'Hopital's rule / 2 (0) = f[{0) = tt/2, and / 2 (1) = 1 is clear. 

(3) By (T23D, we have 

K' - £' 

M = "T+f ■ 

which is negative and increasing in (0, 1). Then f'% is decreasing and convex in (0, 1). The 
limiting value /3(C)) = 1 follows from Lemma [2.18( 2). and /s(l) = is clear. 

(4) Let h(r) = 1 — r. Since f^ is convex, f'z{ r )/h'{r) is decreasing. Thus fi{r) = 
fz{r)/h(r) is also decreasing by the monotone form of l'Hopital's rule. By l'Hopital's rule 
/ 4 (1) = -/^(l) = 0, and / 4 (0) = 1 is from Lemma [2H2). 

(5) For the proof we first make the change of variable r = 2yfx/(l + x). The Landen 
transformations (12 ,4p and (12.61) lead to 

2v/i\ £ (x) - x' 2 IC(x) htix) 



\1 + x J 1 — x h2{x) 

where h x (x) = E{x) - x' 2 JC{x) and h 2 (x) = 1 - x' with ^(0) = = h 2 {0). Then by Q 
we have 

_ xK{x) _ , 

. . . X l\,{X ) 

n 2 (x) x/x' 

which is strictly decreasing by Lemma [2.18( 2). This implies that h is decreasing by the 
monotone form of l'Hopital's rule, and hence f'5 is also decreasing in (0, 1). 

(6) By differentiation, we have 

w/.x (l-r)(2rg' + g'-rKQ 

and hence f§ is increasing. The limiting values are clear. 

(7) By simple computation, f?(r) = fe(r)/ (1 — r) 2 < and hence fi is decreasing. The 
limiting values follow from part (4). 

(8) Differentiation and simplification give that 

((I + s)JC - £)(2£ - r' 2 JC) 
2r3/2(l + s )(l- s )2/C2 >U ' 

and hence /§ is strictly increasing. 

„, . , S-(l-r)K , g-(l-r)/Cv^ 
/ 8 0+ = lim y -=- ' = lim ^ —\r = 

follows from the part (2). /a(l— ) = 00 is clear. □ 

Lemma 2.20. The function f(r) = fi(r)ip(r) is strictly increasing from (0, 1) onto (0, 00). 

Proof. Since the function / can be rewritten as 

„,£-(l-r)/C 1-r 



f(r) = i\\frKJ 



y/f(l-r)K £'-rK n 
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the conclusion follows from Lemma [2. 18( 2). Lemma 12. 19( 4) and (8). □ 



3. Proofs of Main Results 

In this section we will prove two identities involving the function ip, and some func- 
tional inequalities and elementary estimates for the function if) are also derived from the 
monotonicity and convexity of the combinations of the function if} and some elementary 
functions. 

Theorem 3.1. The function if>(r) is strictly increasing and convex from (0, 1) onto (0, oo), 
and the function if){r)/r is strictly increasing from (0, 1) onto (0, oo). 

Proof. By differentiation, and using ( 12.3]) and Legendre's identity ()2.2j) . we have 

# _ 2(1 -r) S'K + SIC' - IOC 7i ( 1-r 
^ ' ' ~dr~ ~ 1 + r {£' - r/C') 2 ~ 1-r 2 \£'-rK,' 

which is positive and strictly increasing by Lemma [2.19( 4). Hence if}(r) is strictly increas- 
ing and convex, and consequently ifj(r)/r is strictly increasing by the monotone form of 
l'Ropital's rule. □ 

Proof of Theorem 11.71 By simple calculations, the first identity follows from the defi- 
nition of ifi and Lemma I2TB1 The second identity follows from the first one with the change 
of parameter r i— > — r) / (1 + r). □ 

Corollary 3.3. ip(3 - 2^2) = 1. 

Proof. Let r = l/y/2. Then (l-r)/(l + r) = 3 - 2^2 = (1 - r')/(l + r'), and the second 
identity in the Theorem 11.71 implies ip(3 — 2\/2) = 1. □ 

Remark 3.4. Let A be the family of curves lying outside the rectangle R and joining the 
opposite sides of length a. Then a basic fact is 

M(T) = 1/M{A). 

Let fi(r) = 7r/C'(r)/(2/C(r)) be the modulus of Grdtzsch's ringB 2 \[0,r] (see [LY],|AVV1]). 
Then we have 

M(T) = fi(r)/n, and M(A) = fi(s)/n 
with r = ijj^ia/b) and s = ip~ l {b/a). By the identity [AVV1] Exercises 5.68(2)] 

"(^ ((^) 2 ) - 2 . 

it is easy to see that M(T) = 1/M(A) is equivalent to s = ((1 — y/r)/(l + y/r)) 2 . Since 
s = ip^ib/a) = ip^il/ipir)), we have s = ((1 — y / r)/(l + y/r)) 2 which is equivalent to 

if){r) 

Proof of Theorem 11.81 The theorem follows from 

_ (1 - VF) V(r) _ o g-(l-r)/C(l-^) 2 
r r t — rlC 

since {£ — (1 — r)]C)/r and (1 — v / r) 2 /(^ / — r/C') are both decreasing by Lemma 12.19( 2). 
(5), respectively. The limiting values are clear by Lemma [2. 19( 2). (5). □ 
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Corollary 3.5. The function /2(r) = (1 — y/r) arth(l — \/r)ip{r)/r is strictly decreasing 
from (0,1) onto (4/7r,oo). 

Proof. This follows from Theorem II .8[ since /2(r) = /i(r) arth(l — y / r)/(l — a/t) and 
arth(l — v^ 7 )/ (1 ~~ is strictly decreasing from (0, 1) onto (1, oo). □ 

Since the bounds for ip in (jl.fip and the Theorem 11.81 are not comparable in the whole 
interval (0, 1), we could combine them to get the following inequalities: 

Corollary 3.6. For < r < 1, 




0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8 



Lower bounds for if/(r) 



Ar 



(l-VO n 



n r 
(1 - rf 



1.2 

1.0 - 
0.8 1 
0.6 : 
0.4 : 
0.2 - 



Upper bounds foripir) 



(i-V7) 2 



16r 



{l-rfn 



0.1 0.2 0.3 0.4 0.5 



0.02 0.04 0.06 0.08 0.10 0.12 0.14 



Proof of Theorem 11.91 Let r = 1/ ch(x) and s — 1/ ch(y). Then dr/dx = — sh(x)/ ch 2 (x) 
— rr' and 

/'(^) = -* rr 'r^ {s > -ray = _ ^ (r) ' 

where g(r) = rr'(l — r)/ ((1 + r)(S' — rJC') 2 ). By the change of variable r = (1 — £)/(l + 1) 
and using Landen's transformations (12.51) and (12. 7p . we have 

l-A l-t t 3/2 



1 + tJ 2 (£-t' 2 JC) 2 

which is decreasing in t by Lemma 12.18( 1). and consequently, f'{x) is increasing in x. 
Therefore, / is decreasing and convex on (0, oo). In particular, we have f((x + y)/2) < 
{f{x) + f(y))/2, with equality if and only if x = y. Now 

2 jX + y\ 1 + rs + r's' 



2rs 



8 



MATTI VUORINEN AND XIAOHUI ZHANG 



,. . x + y \ < f(x) + f(y) 



Hence 



gives 

\/2rs 



ip(r) + ip(s) > 2i/j 



\J\ + rs + r's 1 

with equality if and only if r = s. □ 
Remark 3.7. It is clear that f(x) is decreasing and 2f(x + y) < f(x) + f(y). Since 

ch(x + y) = , 

rs 

we have 

which is weaker than the inequality f ll.lOp . 

A function / : / — > J is called H v q — convex(concave) if it satisfies 

f(H p (x,y))<{>)H q {f(x),f{y)) 

for all x,y E I and strictly H pq — convex (concave) if the inequality is strict, except for 
x = y. Recently, many authors investigated the H pq — convexity (concavity) of special func- 
tions, see |AVV2l IBalPVl IRal IBaPVl |CWZQj WH\ . The following theorems give some 
functional inequalities by studying the generalized convexity (concavity) of the function 
1>. 

Theorem 3.8. The function f(x) = log(l /ijj(e~ x )) is strictly increasing and concave from 
(0, oo) onto (— oo, oo). In particular, for r,s E (0, 1), 



ip(y/rs) < a/ il)(r)ip(s) 

with equality if and only if r = s. 

Proof. Let r = e~ x and s = e~ y . Then dr/dx = — r and 

rijj'(r) it r 



/'(*) 



i)(r) 2 £ - (1 - r)K (1 + r){£' - rK') 



which is positive and increasing in r by Lemma 12.191 (2) and (7), hence decreasing in 
x. Therefore, / is strictly increasing and concave on (0,oo). In particular, we have 
f((x + y)/2) > (f(x) + f(y))/2, with equality if and only if x = y. This gives 

ip{-s/rs) < a/ i>(r)ip(s) 

with equality if and only if r = s. □ 

Proof of Theorem II. Hi For p = 0, the inequality is from Theorem 13.81 Now we assume 
that p ^ 0. Let < x < y < 1 and t = {{x p + y p )/2) 1 / p > x. Define 

f( X )=m°-* ix) ' + J {y) '- 
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By differentiation, we have dt/dx = \{x/t) p 1 and 

'I\P-! 1 



fix) = -ww p "Vw -j*rvw 



We first consider the case of p > 0. Previous calculation gives 

f{x) = t x ^ ( (m\ - 1 m (my _ (m\ 1 ^ w* 



2 \ \ t J \ t J \ x J \ x 

p -i ( t 1-t ftf^ " 

npX \£(t) - (1 - t)K(t) (1 + t)(£'(t) - tJC'{t)) V t 
x 1 — x ( ip{x 



£(x) - (1 - x)K{x) (1 + x)(£'(x) - xlC'(x)) \ x 

which is positive by Lemma 12. 19f 2).(7) and Theorem 13.11 since t > x and p > 0. Hence / 
is strictly increasing and f(x) < f(y) = 0. This implies that 



2 

For the case of p < — 1, by previous calculation we have 



2 \ V * / \ t J \ x J \ x 

Since (f/>(x)/x) p+1 is strictly decreasing, we only need to prove (ip(x)/x)~ 2 ip'(x) is strictly 
decreasing in (0, 1). Actually, with the change of variable x (->• (1 — t)/(l + t), 

if}(x)\~ 2 ,.. . 7r / x(l - x) \ 2 t' 2 y/t 

1 ip [x) — ' 1 - 



x J rv/ 4 Vz'(£- (1 -x)K)J £'-t 2 K'l + t 

which is a product of two positive and strictly increasing functions of t by Lemma \2. 18( 1). 
Hence f'(x) > and / is strictly increasing in (0, 1). Now we have f(x) < f(y) = 0, and 
consequently 

^ . . xv + yv \ 1/p \ > f^xY + ^yY\ 1/p 



since p is negative. 

The equality case is obvious. This completes the proof. □ 



4. Applications 

In this section we always denote R = [0,1] x [0,b]. Let r& and A b be the families 
of curves joining the opposite sides of length b of the rectangle R, in the exterior and 
interior of the rectangle, respectively. It is well-known that A4(Ab) = b. By Duren and 
Pfaltzgraff's formula (11. 5p . we have 

M(T b ) = -^-\l/b)). 
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(4.1) 



Setting r = ^2 - 1 in f[2TT4j) . we get /C'(3 - 2y/2) = 2/C(3 - 2y/2). By Corollary 

M(T 1 ) = = 1 = M(A 1 ). 

Now we will study the behavior of the modulus M.{Y b ) with respect to the sides of length 
b. The following Theorem 14.21 shows 

M(T b ) > M(A b ), for < 6 < 1, 
M(T b ) < M(A b ), for b>\. 

Theorem 4.2. There exists a number ro = 8.24639 ■ • • such that the function 

f(r) = -M^V)) " - 
7r r 

is strictly increasing in (0, ro) and decreasing in (ro, oo), with the limiting value f(oo) = 0. 
In particular, 

-/i(-^ _1 (r)) < -, for < r < 1, 

and ^ ^ 

— //(^ _1 (r)) > -, /or r > 1. 
7T r 

Proof. Let s = ip~ l (r). Then r = tp(s) and, by the derivative formula (I3.2I) . 

ds ,dr w s' 2 (£'{s)-sK'{s) 



dr ds 7r V 1 — s 

By differentiation and 



d/z(s) — 7T 



2 



ds 4ss /2 /C(s; 



2 ' 



we have 



, 1 duds 1 

f r = -j- J" + "2 
7r as dr r z 



1 fS'(s) - s/C'(s} 



r 2 4s/C(s) 2 \ 1 - s 

1 (, ( S{s) - {\ - s)K{s) 
<A(s) 2 \ V V^(l - 

which is positive in (0, r ) and negative in (r , oo) with r = ^(0.479047 ■ ■ ■ ) = 8.24639 ■ • • 
by Lemma r2.19( 8). Hence / is strictly increasing in (0, r ) and decreasing in (r , oo). Since 
/(l) = and /(oo) = 0, we have /(r) < for r £ (0, 1) and /(r) > for r £ (1, oo). □ 

The next theorem shows that the modulus M. {T b ) has a logarithmic growth with respect 
to the length of side b. 

Theorem 4.3. For b £ (0, oo), 

(4.4) L(b)<M(T b )<U(b), 
where 

L(b) := (l + y4fyV)~ 4 ^ log (2 (l + v 7 ^) 

(4.5) > (l + VW^) ^ log (2(1 + v 7 ^)), 
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and 



U(b) := i log ^2 (l + v 7 ^ 
< - log (2 + \l+b 



(4.6) 

Proof. By Theorem 11.81 we have 



< s — ip l (r) < 



By jAVVll Theorem 5. 13(4), (5)], 



/ — 4 
vs'log- < fi(s) < log 



\/47^- 

2(1 + 8') 



■ TXt 



-4 



r G (0,oo) 



sG (0,1). 



s s 

Combining the above inequalities and replacing r with 1/b, we get the inequalities ( I4.4j) . 
The inequality ( 14. 5 p follows from the inequality 1 — a x > (1 — a) 1 ' for a G (0, 1) and 
x G (1, 00). The inequality (14. 6p is obvious. □ 




20 40 60 80 100 



Theorem 4.7. For a, b G (0, 00), 



(1) M(T 2ab/{a+b) ) < yjM(Y a )M(Yb) < M ^+ M ^ < M (T {a 
(2) 



,) — - - \- vmt-&)/2> 



M(T Hp(a , b) ) < H p (M(T a ),M(T b )), P < -1, 

^(rH p (a,6))>^ P (A<(r a ),M(r 6 )), p>i. 

Equality holds in each case if and only if a = b. 

Proof. In part (1), the second inequality is clear. For the third inequality, let s 
^(l/a), t = ^-\l/b). Then 

M(T a )+M(T b ) 1 n(s) + /i(t) 

2 7T 2 

IX IX 
IX 

= -/^(ff-iCVM/ft))) 

7X 

= M(r {a+b)/2 ), 
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where the first inequality follows from [AWl} Theorem 5.12(1)] (also see |WZJ1 Theorem]) 
and the third inequality is from Theorem 11.111 Let m(a) = yu(-?/> _1 (a))/7r and u = 7/> -1 (a). 
By logarithmic differentiation, we have 

d , 1 fS'iu) -ulC'iuV 2 

— log m(a) ' 



da 2uK,'(u)K,{u) \ 1 — u 

which is strictly increasing in u and hence strictly increasing in a. Since m(a) is logarithmic 
convex, we have 

a + b 



m ( ) < a/ m{a)m(b) 



which implies the first inequality in part (1) by replacing a, b with 1/a, 1/6, respectively. 

For the part (2), let M(x) := M(T X ). Let < x < y < 1 and t = ((x p + y p )/2) 1 / p > x. 
Define 

By differentiation, we have dt/dx = |(x/t) p_1 and 

(«) /'Wi^((f)'^'W-(f)"M'W 

Let M(x) = m(a), then a = 1/x = ip{u). Now we have 
•M(x) XP_1 



x 



M'{x) = {m{a)ay- l m'{a)(-a 2 ) 



n{uU(u)\ p ~ l , 2 1 fS'iu) -uK'iu)^ 2 



n J AuK,(u) 2 \ 1 — u 

niu^i^Y' 1 fS(u) - (1 - m)/C(u) x 2 



71 J \ V^(l — u)K{u) 

which is strictly increasing in it by Lemmas 12.201 and 12. 191 (8). and hence strictly decreasing 
in x for each p > 1. This implies that /'( x ) < if p > 1. 
For the case of p < — 1, we have 

K 1 » Af'(ar) = (m(a)a) p " 1 m , (a)(-a 2 ) = -(m(a)a) p+1 m(a)- 2 m'(a) 



/i(M)^(w)\ p+1 1 f£'(u)-u)C'(u^ 2 



7T / uK,'(u) 2 \ 1 — U 

which is strictly decreasing in u by Lemmas 12.201 12.18( 2) and I2.19T 4). and hence strictly 
increasing in x for each p < — 1. Since p is negative, this still implies that f'(x) < 0. 
It is easy to see that f'(x) < implies the inequalities in the part (2). □ 

Open problem 4.9. What is the exact domain of p for which the function ip is H PjP - 
convex( concave ) ? More generally, find the exact (p, q) domain for which the function ip 
is H Ptq -convex(concave). The same questions can be asked for the modulus M.(Tb). 
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